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So the condition for the optimal cassette is
Introducing f (x) = e −x/κ 1 − e −1/x and a 2 = (λ * ) 2 /κ, equation (2) entails,
The relationship in equation 3 is only satisfied when a = 1, implying that the ansatz with a = 1 and λ * = √ κ is always a solution. Thus, the optimal cassette size follows,
As discussed in the main text and shown in Fig. 3 , for larger detection thresholds d c ≥ 2, the sublinear relation between the optimal cassette size and the phage diversity is only valid in the regime of low phage diversity K N p . For large phage diversity (K N p ) and as long as d c ≥ 2, the optimal amount of memory depends only on the CRISPR mechanism via the response threshold d c , but does independent on the viral heterogeneity (Methods, Fig. 3 ).
Optimal memory with multiple specific spacers.
We assumed that phage encounters from which spacers are acquired occur randomly with probability 1/K. In the regime of high phage diversity, it follows that the cassette will either have one or no spacer that can target a particular phage type. However, it is possible to acquire more spacers from the same phage type; i.e., the number of spacers is not limited to 0, 1. On the other hand, as discussed in the main text, having just a few spacers from a given phage seems sufficient to prevent re-infection. Thus we allow 1 < s < s max spacers to be acquired from each phage type. Then the probability of survival is written as
Np−d and p s the probability of having s spacers specific to the infecting phage. In order to ensure the proper normalization, we assume that p smax = 1 − s<smax p s . We expect s max to be of O(1) but for completeness we allow s max to span the full range 1, . . . L. In Fig. S3 , we show the dependence of the probability of survival on s max > 1. When s max < L, we get the same qualitative behavior as reported in the main text, where there is an optimal size for the immune repertoire maximizing the survival probability ( Fig. S4 ). We also tested the effects of allowing s max to be unbounded. In this case, the results are again unchanged when phage species diversity is high, but if phage diversity is sufficiently low, the optimal cassette size is not constrained (Fig. S3,S4) . with dc = 8, and h = 3 and h = 10 respectively. Increasing Np has a similar effect as decreasing dc. Softening the switch-like behavior by changing the detection probability α(d) to a Hill-function, we obtain higher values of the optimal cassette size and much higher survival probability. In all regimes, the survival probability displays a maximum at an intermediate cassette size L * for all levels of phage diversity. In other words, for a given environmental condition there exists an optimal cassette size that maximizes the survival probability of a bacterium using CRISPR-Cas. and dc = 10 evaluated at the optimal cassette size L * . P survival can be interpreted as the fraction of the population that would persist after sequential phage attacks, using CRISPR-Cas as its only defense mechanism. When viruses are diverse (large K) there is always an optimal immune repertoire size to maximize survival probability. When viral diversity is low, there is an optimal size for the immune repertoire when smax is bounded (a-b), but not if smax is unbounded (c-d). FIG . S4: The optimal immune repertoire size with multiple spacers. The plot shows the dependence of the optimal immune repertoire size (L) relative to the number of Cas proteins (Np) parameterized as λ = L/Np on the inverse of the viral diversity 1/κ (κ = K/Np). Parameters are chosen as Np = 1000, α(d) = θ(d − dc) (step function) and smax = 3, 5, unbounded respectively. When κ > 1, the optimal immune repertoire size has a fixed value that is exactly the same as obtained in the main text. In the opposite regime κ < 1, it has a power law behavior for smax = 3, 5. The dashed line is √ κ. If smax is unbounded, there is a lower value of diversity below which the optimal immune repertoire size is not constrained.
